Abstract. We prove that, for any n ≥ 2, the classes of FPn-injective modules and of FPn-flat modules are both covering and preenveloping over any ring R. This includes the case of F P∞-injective and F P∞-flat modules (i.e. absolutely clean and, respectively, level modules). Then we consider a generalization of the class of (strongly) Gorenstein flat modules -the (strongly) Gorenstein AC-flat modules (cycles of exact complexes of flat modules that remain exact when tensored with any absolutely clean module). We prove that some of the properties of Gorenstein flat modules extend to the class of Gorenstein AC-flat modules; for example we show that this class is precovering over any ring R. We also show that (as in the case of Gorenstein flat modules) every Gorenstein AC-flat module is a direct summand of a strongly Gorenstein ACflat module. When R is such that the class of Gorenstein AC-flat modules is closed under extensions, the converse is also true. We also prove that if the class of Gorenstein AC-flat modules is closed under extensions, then this class of modules is covering.
Introduction
It is well known that finitely generated and finitely presented modules (over a ring R) play an important part in homological algebra.
In [BP17b] the authors study a refinement of the class of finitely presented modules called finitely n-presented modules; we will denote this class by FP n . Following the characterization of noetherian and coherent rings in terms of these finitely npresented modules, they generalize the notions of noetherian and coherent rings to what they call n-coherent rings; see Section 2 for details. The FP n -modules are also used to define the FP n -injective and the FP n -flat modules. These are the modules that have a vanishing property with respect to the functors Ext 1 R (M, −) and Tor R 1 (M, −), whenever M ∈ FP n . Thus they are generalizations of the injective and flat modules.
In the first part of this paper, we continue the study of these classes of modules. We show that for any n ≥ 2, the class of FP n -injective modules is both preenveloping and covering over an arbitrary ring R, thus improving [BP17b, Theorem 4.4]. We also prove a similar result for the class of FP n -flat modules, namely, that this class is both covering and preenveloping over any ring R; this improves [BP17b, Theorem 4.5] by showing the preenveloping property. Our results also include the case of F P ∞ -flat (i.e. the level modules introduced in [BGH14] ) and that of F P ∞ -injective modules (i.e. the absolute clean modules introduced also in [BGH14] ). We also give a sufficient condition for the existence of FP n -Inj-envelopes. Also, a necessary and sufficient condition is given so that every module have an epimorphic FP n -Flatenvelope.
We use duality pairs in order to prove some of the results mentioned above. This notion was introduced by Holm and Jørgensen in [HJ09] . Recall that a pair of classes of modules (M, C) is a duality pair if it satisfies the following conditions:
(1) M ∈ M if and only if M + ∈ C. (2) C is closed under direct summands and under finite direct sums.
As usual the Pontryagin dual of a left (respectively right) R-module M is defined as the right (respectively left) R-module M + = Hom Z (M, Q/Z). So in particular, if M is a class of left modules, then C is a class of right modules. Holm and Jørgensen also gave in [HJ09] sufficient conditions for the class M be preenveloping and also to be precovering. These results proved to be very useful in studying the existence of precovers and preenvelopes with respect to various classes of modules; see for example [EI15] , [HJ09] and [Iac17] .
Following the ideas of preenveloping and precovering classes, we then consider some generalizations of the Gorenstein injective and Gorenstein flat modules. We begin by noting that the class of Ding injective modules generalizes that of the Gorenstein injective modules; respectively the class of Ding projective modules generalizes that of the Gorenstein projective modules. These classes were introduced by Ding and co-authors and called strongly Gorenstein FP-injective modules and strongly Gorenstein flat modules, respectively. The two classes of modules have some nice properties over coherent rings, analogous to the properties of the Gorenstein projectives and Gorenstein injectives over noetherian rings. Later Gillespie renamed strongly Gorenstein flat modules as Ding projective, and Gorenstein FP-injective as Ding injective; see [Gil10] for details. We prove that the class of Ding injective modules is enveloping over any Ding-Chen ring. Thus we improve on a result of Gang, Liu, Liang, who proved in [YLL13, Corollary 3.3 ] that this class is special preenveloping over any Ding-Chen ring. This was also observed in [BGH14] ; see the paragraph right before the proof of [BGH14, Theorem 5.5].
We also give necessary and sufficient conditions for the class of Ding injective modules to be covering (Theorem 3.16).
In the second part of the paper we consider a generalization of the class of Gorenstein flat modules, namely that of Gorenstein AC-flat modules. In [BGH14] , the authors extend Gorenstein homological algebra to arbitrary rings. To do this, they replace the finitely generated (respectively finitely presented) modules with the modules of type F P ∞ ; that is modules that have a resolution of finitely generated projective (or free) modules. In doing so, the injective (respectively FPinjective respectively) modules are replaced with the absolutely clean modules, and the flat modules are replaced by the level modules. In turn, the Gorenstein injective, and respectively Gorenstein projective, modules are replaced with the Gorenstein AC-injective, and respectively Gorenstein AC-projective, modules. We define the Gorenstein AC-flat modules as the cycles of exact complexes of flat modules that remain exact when tensoring with any absolutely clean module. We show that the class of Gorenstein AC-flat modules is precovering over any ring R and if the ring R is such that the class of Gorenstein AC-flat modules is closed under extensions then this class is in fact covering.
We also define the notion of strongly Gorenstein AC-flat module and we show that any Gorenstein AC-flat module is a direct summand of a strongly Gorenstein AC-flat module. When R is such that the class of Gorenstein AC-flat modules is closed under extensions, the converse is also true.
Preliminaries
Let R be a (unital associative) ring and n a nonnegative integer. From now on, and unless otherwise stated, by R-module we mean a left R-module.
A module M is said to be finitely n-presented if there exists an exact sequence
with each F i a finitely generated projective (or free) module. Denote by FP n the class of all finitely n-presented modules. We say that a module M is in FP ∞ if and only if M ∈ FP n for all n ≥ 0. It is immediate from the definition that we have the following descending chain of inclusions:
These classes of modules were studied in [BP17b] and [BGH14] . We recall some of their properties. Recall that a class W is thick if it is closed under direct summands, and whenever we are given a short exact sequence 0 → A → B → C → 0 with any two out of the three terms in W , then so is the third. We note that FP ∞ is always thick.
By Proposition (2.1), the class FP n is thick if, and only if, it is closed under kernels of epimorphisms. Indeed, we recall the following result. A ring R satisfying the equivalent conditions above is said to be n-coherent. We note that the 0-coherent rings are simply the noetherian rings, the 1-coherent rings are the usual coherent rings, any ring is ∞-coherent. Also, we have the following chain of inclusions:
The FP n -injective and FP n -flat modules are defined in terms of the finitely npresented modules. We recall the definitions next. With this definition, M is injective if, and only if, M is FP 0 -injective, and M is FP-injective (in the sense of Stenström [Ste70] ) if, and only if, M is FP 1 -injective. The case of FP ∞ -injective modules (i.e. absolutely clean) is the same as introduced in [BGH14] ; that is those M ∈ R-Mod for which Ext
We also note that this definition of FP n -injective modules differs from that of J. Chen and N. Ding ([DC96]) for n > 1 (they consider orthogonality with respect to Ext n R (−, −) instead). From Definition (2.3) we get the following ascending chain:
The FP n -flat modules have a similar ascending chain and the class of flat modules also coincides with FP 0 -Flat. Furthermore, since any module is a direct limit of finitely presented modules and since the Tor(−, −) functor commutes with direct limits, we note that the classes FP 0 -Flat and FP 1 -Flat coincide. Note that the level modules, in the sense of [BGH14] , coincide with the FP ∞ -Flat modules.
For completion, we summarize the following results about the classes of FP ninjective modules and FP n -flat modules presented in [BP17b] . The first one has to do with the Pontryagin dual.
Theorem ([BP17b, Proposition 3.5 and Proposition 3.6]). Let n > 1 (this includes the case n = ∞).
The next one captures some closure properties of these classes.
Theorem ([BP17b, Proposition 3.9, Proposition 3.10 and Proposition 3.11]). Let n > 1 (this includes the case n = ∞). Then the classes of FP n -injective modules and FP n -flat modules are closed under pure submodules, pure quotients, extensions, direct limits, products and direct summands.
Applications of duality pairs to FP n -injective/flat covers and preenvelopes and Ding-injective covers and envelopes
We will use duality pairs to prove the covering and preenveloping results mentioned in the introduction. By Holm and Jørgensen, [HJ09, Definition 2.1], a duality pair (M, C) is coproduct closed if M is closed under arbitrary direct sums. The duality pair (M, C) is product closed if M is closed under direct products. A duality pair (M, C) is perfect if M is closed under arbitrary direct sums, under extensions, and if R ∈ M. We also recall the following result.
Theorem ([HJ09, Theorem 3.1]). Let (M, C) be a duality pair. Then M is closed under pure submodules, pure quotients and pure extensions. Also
A pair of R-modules (A, B) is said to be a cotorsion pair if
is said to be perfect if A is covering and B is enveloping. Standard references for cotorsion pairs are [EJ11] and [GT06] .
We will also use the following results from [HJ08] . 
Proof. This follows from FP n -Flat = Ker Tor R 1 (FP n , −) and part (2) of Proposition 3.1.
In the following two results, we prove that, for any n > 1, the classes of FP ninjective and FP n -flat modules are both preenveloping and covering, over any ring R. Proof. Since FP n -Flat is the left half of a perfect cotorsion pair, it is a covering class. By [BP17b, Proposition 3.5], a module M is FP n -flat if and only if M + is FP ninjective. Also, by [BP17b, Proposition 3.9 and Proposition 3.11], the class of FP n -flat modules is closed under direct sums and under summands. So the pair (FP n -Flat, FP n -Inj) is a duality pair. Since, by [BP17b, Proposition 3.11] again, FP n -flat is closed under direct products we obtain that FP n -flat is also preenveloping. Proof. Since the class of FP n -injective modules is closed under pure submodules and under set indexed direct products it is preenveloping (by Proposition 3.1.
(1)) By [BP17b, Propositions 3.6, Proposition 3.9 and Proposition 3.10], the pair (FP n -Inj, FP n -Flat) is a duality pair. Also, from [BP17b, Proposition 3.10], the class FP n -Inj is closed under arbitrary direct sums, so the duality pair is coproduct closed. Therefore the class FP n -Inj is covering.
When the class of FP n -injective modules also contains the ground ring R, another application of [HJ09, Theorem 3.1] together with [BP17b, Propositions 3.6, Proposition 3.9 and Proposition 3.10] gives the following result. A sufficient condition for the class of FP n -Inj-modules be enveloping is that its left orthogonal class, ⊥ FP n -Inj, be closed under pure quotients. In terms of duality pairs, this condition is equivalent to ( ⊥ FP n -Inj, FP n -Flat ⊥ ) being a duality pair. More precisely, we have:
If these conditions hold then the class of FP n -Inj-modules is enveloping. ⊥ is enveloping. A natural question is then to ask when is FP n -Flat enveloping. To answer this we must introduce the notion of n-hereditary rings. A ring is said to be left n-hereditary if every finitely (n − 1)-presented submodule of a finitely generated projective left module is also a projective module. We refer the reader to [BP17a] for more details on n-hereditary rings; among the results available in that reference is the following. With this at hand we can provide the following answer. We recall that R is an n-FC ring if it is both left and right coherent and FPdim( R R) and FPdim(R R ) are both less than or equal to n. Ding and Chen introduced the n-FC rings in [DC93] and [DC96] . Later, Gillespie in [Gil10] , introduced the Ding-Chen rings. A ring R is called a Ding-Chen ring if it is an n-FC ring for some n ≥ 0. Examples of Ding-Chen rings include all Gorenstein rings (in the sense of Iwanaga, i.e. left and right noetherian rings of finite self injective on both sides less or equal than n).
We also recall that, over any ring R, an R-module M is Ding injective if there exists an exact complex of injectives
with M = Ker (I 0 → I −1 ) and such that Hom R (A, I) is exact for any FP-injective module A. It follows from the definition that any Ding injective module is a Gorenstein injective module.
The dual notion is that of Ding projective modules. A module G is Ding projective if there exists an exact complex of projective modules
with G = Ker (P 0 → P −1 ) and such that Hom R (P, F ) is exact for any flat module F . In particular, any Ding projective module is Gorenstein projective.
For the rest of this section we let W denote the class of modules of finite flat dimension. It is shown in [MD07] , that whenever R is a Ding-Chen ring, then the pair (W, W ⊥ ) is a complete hereditary cotorsion pair and in [Gil10] , it is shown that the class W ⊥ is the class of Ding-injective modules, which we denote by DI. We prove that over a Ding-Chen ring the complete cotorsion pair (W, DI) is actually a perfect cotorsion pair, and therefore that the class DI is enveloping. Before doing this we need to recall a few definitions and results.
A module N is said to be Gorenstein flat if there exists an exact complex of flat modules Proof. We check first that K ∈ W = ⊥ DI if and only if K + ∈ GC. Let K ∈ W and G ∈ GF . Then Ext For the converse, let K be an R-module such that K + is a Gorenstein cotorsion module. Since (W, DI) is a complete cotorsion pair, there is a short exact sequence
with A ∈ DI and B ∈ W. Then we have an exact sequence 0 → K + → B + → A + → 0, with K + Gorenstein cotorsion, B + also Goresntein cotorsion (from the first part of the proof) and with A + Gorenstein flat (this follows from [DC96, Proposition 12], since any Ding injective module is Gorenstein injective). Since Ext 1 (GF , GC) = 0, then the previous sequence splits and so B + ∼ = A + ⊕ K + . Thus A + is both Gorenstein cotorsion and Gorenstein flat. Since A + ∈ GF , it fits in a short exact sequence
with M a flat module and N ∈ GF . However, since A + ∈ GC also, any such short exact sequence splits. It follows that A + is flat, and so A ++ is injective. Since R is coherent, then we have that A is absolutely pure (FP-injective). Since the ring is Ding-Chen, then by [Gil10, Theorem 4.2], the module A has finite flat dimension. Therefore, the short exact sequence E has A, B ∈ W, which gives that K ∈ W.
Since W = ⊥ DI, then this class is closed under direct sums, summands, and also R ∈ W. Therefore (W, GC) is a perfect duality pair. Proof. Since (W, GC) is a perfect duality pair, it follows from [HJ09] , that (W, DI) is a perfect cotorsion pair. So DI is enveloping.
It was recently showed that over a Ding-Chen ring the class of Ding injective modules coincides with, GI, the class of Gorenstein injective modules. For completion, we include here the result along with a proof of this fact. So we get the following result.
Proposition 3.12. The class of Gorenstein injective modules is enveloping over any Ding-Chen ring.
We also consider the existence of the Gorenstein injective (pre)covers over DingChen rings. We will use the following lemma. Proof. If R is a Gorenstein ring, then [EJ11, Theorem 11.1.1] gives that the class of Gorenstein injective modules is precovering.
For the converse, we get from Lemma 3.13, that R is a two sided noetherian ring. Since R is also a Ding-Chen ring, then it has finite self injective dimension on both sides, and so it is a Gorenstein ring.
A sufficient condition for the existence of the Gorenstein injective covers is the following.
Proposition 3.15. Let R be any ring. If the class of Gorenstein injectives is closed under pure submodules, then it is covering.
Proof. Let 0 → A → B → C → 0 be a pure exact sequence with B Gorenstein injective. Since this class is closed under pure submodules, it follows that A is also Gorenstein injective. But the class of Gorenstein injectives is closed under cokernels of monomorphisms [EJ11, Theorem 10.1.4], so C is also Gorenstein injective. Thus the class of Gorenstein injectives, GI, is also closed under pure quotients in this case.
Next, since any direct sum is a pure submodule of a direct product and that GI is closed under direct products, then it follows that it is also closed under direct sums. Thus from [HJ08, Theorem 2.5], we see that GI is covering.
Next, we prove that, when R is a Ding-Chen ring, the class GI, of Gorenstein injectives modules, is covering if and only if it is closed under pure submodules. More precisely we have: Proof. (1) ⇒ (2) . This is Proposition 3.15.
(2) ⇒ (3). Since GI is covering, Lemma (3.13) gives that R is left noetherian. Now suppose that K ∈ GI, then by [DC96, Proposition 12], we get that K + ∈ GF . Conversely, suppose that K + is Gorenstein flat. Since the ring R is left noetherian there exists an exact sequence
with G ∈ GI and L ∈ ⊥ GI = W. Therefore we have an exact sequence
with G + ∈ GF and L + ∈ GC, by Proposition (3.9).
+ is a flat R-module, and from [EJ11, Corollary 3.2.17], we have that L is an injective module.
Thus we get that the short exact sequence in (1) has G ∈ GI and L an injective modules; this gives that K has finite Gorenstein injective dimension [Hol04, Theorem 2.25]. From [Hol04, Lemma 2.18], there exists an exact sequence
with B ∈ GI and H such that id R H = Gid R K < ∞. Hence the exact sequence 
Gorenstein AC-flat modules
As already mentioned in the introduction, in [BGH14] Gorenstein homological algebra is extended to arbitrary rings. To accomplish this the authors replace the finitely generated (respectively finitely presented) modules with the modules of type F P ∞ . In doing so, the injective (respectively FP-injective) modules are replaced with the absolutely clean modules, and the flat modules are replaced by the level modules. In turn, the Gorenstein injective (respectively Gorenstein projective) modules are replaced with the Gorenstein AC-injective (respectively Gorenstein AC-projective). Following the ideas of [BGH14] , we define the class of Gorenstein AC-flat modules. Since every injective module is an absolutely clean module, it follows that any Gorenstein AC-flat module is also a Gorenstein flat module. We note that when the ring R is coherent, the two classes of modules coincide, because in this case the absolutely clean modules coincide with the absolutely pure modules; see [BGH14] .
A stronger notion is that of strongly Gorenstein AC-flat module. Note that every Gorenstein AC-projective module is Gorenstein AC-flat. This follows from the definition. Recall that a module M is Gorenstein AC-projective if there exists an exact complex of projective modules F = . . . → F 1 → F 0 → F −1 → . . . such that A ⊗ F is still exact for any absolutely clean module A and such that M = Z 0 (F).
In the remainder of this section, we show that some of the properties of the Gorenstein flat modules extend to the class of Gorenstein AC-flat modules. We note first that, as in the case of Gorenstein flat modules, the class of Gorenstein AC-flat modules is precovering over any ring R. Proof. Let F be the class of exact complexes of flat modules F such that A ⊗ F is exact, for each absolutely clean right R-module A. Then, by [EG15, Theorem 3.7] , the class F is special precovering. Finally we can argue as in the proof of Theorem A in [YL14] to infer that every module has a Gorenstein AC-flat precover.
We show that (as in the case of Gorenstein flat modules) if the class of Gorenstein AC-flat modules is closed under extensions, then it is also covering.
The following result gives some equivalent characterizations of the Gorenstein AC-flat modules. Proof. The class GF ac is precovering and closed under direct limits, so in this case it is a covering class of modules.
Recall that a class of modules X is said to be projectively resolving is it is closed under kernels of epimorphism between modules from X , extension and contains the class of projective modules. Proof. To claim that the class of Gorenstein AC-flat modules is projectively resolving, it suffices to prove that it is closed under kernels of epimorphisms. Then, consider a short exact sequence of left R-modules 0 → A → B → C → 0, where B and C are Gorenstein AC-flat. We prove that A is Gorenstein AC-flat. Since B is Gorenstein AC-flat, there exists a short exact sequence of left R-modules 0 → B → F → G → 0, where F is flat and G is Gorenstein AC-flat. Consider the following pushout diagram:
From the right vertical sequence, and since GF ac is closed under extensions, we have that the R-module D is Gorenstein AC-flat. Therefore, since F is flat, we get that A is Gorenstein AC-flat, by Lemma (4.4).
We recall that if X is a class of modules that is projectively resolving and closed under countable direct sums, then X is also closed under direct summands; see [Hol04,  Let X ∈ ⊥ (GF ⊥ ac ). Since GF ac is covering there is an exact sequence 0 → A → B → X → 0 with B ∈ GF ac and A ∈ GF ⊥ ac . Then Ext 1 (X, A) = 0, so we have B ≃ A ⊕ X and so X ∈ GF ac .
The cotorsion pair is complete because GF ac is covering and any cover is a special precover, so there are enough projectives. From Lemma (4.7), we get that the class of Gorenstein AC-flat modules is closed under kernels of epimorphisms, and hence the cotorsion pair is also hereditary.
We also prove an analogue result of [BM07, Theorem 3.5]. is the complex F shifted by n with the corresponding differential. Then X is still an exact complex, with the property that A ⊗ X is still exact for any absolutely clean R-module A, and X is of the form X = · · · → T → T → T → · · · . Then Ker (T → T ) is a strongly Gorenstein AC-flat module and M is a direct summand of Ker (T → T ).
(2) Since the class of Gorenstein AC-flat modules is closed under extensions, we have that (GF ac , GF ⊥ ac ) is a complete hereditary cotorsion pair. Let G be a Gorenstein AC-flat module, and let M be a direct summand of G. For any K ∈ GF 
